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1996∼1998 ����-(#���	��
����
�
� (PLCM, Piecewise Linear

Chaotic Map) �����+	
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2  � PLCM !"�#$%

�4 [1, 2] ����
	�����
�
� F (x, p)(p ��
��) -

F (x, p) =

⎧⎪⎪⎨
⎪⎪⎩

x/p, x ∈ [0, p)

(x − p)/(1
2 − p), x ∈ [p, 1

2 ]

F (1 − x, p), x ∈ [ 12 , 1]

, 0 < p <
1
2

(1)

�,
�
� (1):;&�2��[13, 14] -(1)"#�
���<�.1;&D>�%
"�

"=��3 (2) ?��	�0-�=�. f∗(x) = 13 (3) <�@:�'()Æ� τ(n) = δ(n) 


�
�,�E��4 [1] >1 n A m /2 c(t) ?F< $/.1 u0(t) =
∑n

i=1 2−i · c(t +

i − 1) ��.1,B k �
�12<���� k(t) = uk(t) = F k(u0(t), p) 3�4 [2] (8

G#
�@"#:�	��A=�����

� (1) :�! 	
��:�B'��B�

y(t) = �u(t) + F k(y(t − 1), p)� mod 1 (��
� n bit ��5�5;C k > n) 
�4 [2] �:�

	
����		��HC:����	
��
 y(t) DD;&0-�.����EE��4

[1] 	
�		=> (�4 [2] �� y(t − 1) F(+
�4 [1] �� u0(t)) 
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��5���	
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��:�"#��	�
������DE��4 [1] 1�

�4 [15] ��	�8��	
�"# � m /2F/�53�4 [2] G��!��DE�*�

	��	���Æ	�IFIH��GÆJ��4 [2] �	
*H1��4 [15] �F/JI


;��=?B�7�)(8�4 [1] �K
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KL�4 [10] �����	 PLCM ������#+�ÆÆ	�>1�4 [15] ���F

/JI�5���;*�!=�	Æ	
;���!���F/�.����(H�:�"#

8
����������	���������(+�����
�JGÆK%;;<9	

��4 [10] ���;��
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	�
�
��H?&?�0-��=�.�JL�8�K�-8�< .1 u0(t)�0-

�.��M<�.1 u1(t) = F (u0(t), p) *�0-�.��������4 [1, 2] ��"#�	

�����	
*�+
�"#���+�
���5���,���NFM�"#�/G$

���5A)�Æ	
IH
�
� (1) :���
� n(bit) ��5�8�< .1��
�

�;&NL0-�.���ALM���	�12<�.1��
���;&NL0-�.3

(8NL0-�.�MN�8��5-<�.1��� i �N�	� 0 �O�N.P
NL0

-�.��O� 1/2i �+�
�� p O
�'��������O�/��OP�QP
��

R
���Q,��JGÆR 	�I;�S1"�S


0� 1 Sn =
{
a

∣∣a =
∑n

i=1 ai · 2−i, ai ∈ {0, 1}}

 Sn T����� n ����P (digital

set) 
 ∀i < j � Si T� Sj ����� i ����� (digital subset) 
�$M��S S0 =

{0}, S∞ = [0, 1) 
81� {0} = S0 ⊂ S1 ⊂ . . . ⊂ Si ⊂ . . . ⊂ S∞ = [0, 1) 
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0� 2 Vi = Si −Si−1(i ≥ 1) �V0 = S0 
Vi(0 ≤ i ≤ n) T����� i���U� (digital

layer)
81� {Vi}n
i=0 .F Sn �	�Q��GÆT�� Sn �T	������� Sn ���

� n *T�����P���A�
�D�� {Vi}∞i=0 T� S∞ = [0, 1) �T	������


∀p ∈ Vi � i T� p �����81� ∀p ∈ Sn � p ���� i ��	�


0� 3 Æ� Gn : S∞ → Sn T����� n ���DD1RÆ� (DATF) �8� ∀x ∈
S∞ = [0, 1) � |Gn(x) − x| < 1/2n 
O	�V1� DATF 8�- (1) floorn(x) = �x · 2n�/2n 3

(2) ceiln(x) = 
x · 2n�/2n 3 (3) roundn(x) = round(x · 2n)/2n 


8
	��S�%� I = S∞ = [0, 1) ��	U
�
� F : I → I ��5
�� n(bit) �

��	
����B�- Fn = Gn ◦ F : Sn → Sn ��S Gn(·) ����� n � DATF 
P6

< .1 x ��S Fn(x, p) ��� i �N�0� 0 �O�� Pi = P{Fn(x, p) ∈ Sn−i} 
8
�
�	
�
� (1) :��8��� (�4�4 [10]-Theorem 5 " 6 ! Fig. 1 " 2) -+�
��

p �����'��(H�O�/ Pj *�'�- Pj ��P��/� 4/2i ��P/� 2/2i �

W2���OP�QP
V��WBTX P1 ∼ Pn ���Y7�� p ���� i 
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�
� (1) :�+����5
�� n(bit) ������� S′
n = Sn ∩ (0, 1

2 ) 
�

S S′
i = Si ∩ (0, 1

2 ) ! V ′
i = Vi ∩ (0, 1

2 ) ��D9 3 �S 2 ����S S′
n �T	������

{V ′
i }n

i=2: S′
n =

⋃n
i=2 V ′

i � ∀i �= j, V ′
i ∪ V ′

j = ∅ ����A�� n − 1 


8 S′
n  �T	�������Y7 S′

n =
⋃n

i=2 V ′
i �KL�4 [10] � Theorem 6 �+��

p Q
�'� V ′
i ��O�/ P1 ∼ Pn ��'�
V��Y7O�/ P1 ∼ Pn �*U��Y7 p

���� i ��<��V������ V ′
i ⊂ S′

n 5BRS����������
�>6�


�
 i 9����� V ′
i U97���
:���*U9Z�M(H��� p U9������


������W7Æ��3���


;X[�Y7O�/ P1 ∼ Pn T\�4 [1] ������+>Y8�,O�/�TXF�

��
X��	
�"#��@ j U12��5<�� uj(t) �F/=�@ j U<�� u′
j(t) �


�����<���� k(t) = u′
k(t)(�EI 1) 
�������YY�� k(t) ����
F

/�.*�������V]F/Y7@ k U
�<� uk(t) = F (u′
k−1(t), p) 
�
F/>Y

u′
k−1(t) DD;& Sn ��NL0-�.�MO�/ Pi(1 ≤ i ≤ n) ��� uk(t) �#+��Z

�
+��������[<:��(H�O� Pi �[WZ
�4 [10] � Theorem 5 " 6 �

�&�/��
 Pi ��P���/"�P/����&�P�QP (4/2i − 2/2i = 2/2i) � p

���� i \�[8X


	^%Y�=�������	�8�-'�TX n ��'�O�/ Pj(1 ≤ j ≤ n) �8

�O�/ Pi WZ
�P���/�< Pi−1 WZ
�P���/�M������� i �TX


:������ 2i �A
�
:������%E��� p ���� i 97�MWBO�/

Pj(1 ≤ j ≤ n) =� i �3�*98��<���*9�
��E7�+�5
�� n(bit) ��


��������� n − 1 �
���_<������ V ′
2 ∼ V ′

n 3�?"#��5
�7

n′ > n �7R n′ − n + 1 �,������ V ′
n+1 ∼ V ′

n′ �*[
� n ��
�����
�

5�\V��5
���?<!Z


81��,�!����B'��EF�	�������
J����
����� S′
n

5B(O�����GÆ%�!	������������-

(1) =�>?@�ABCDE - Np =
n∑

i=2

2i−2

2n−1 − 1
· 2i−2 = 22n−1 − 1

3 · (2n−1 − 1)
�+ n ≥ 8 �

Np ≈ 2n−1

3 3

(2) FG�H�ABCI�J - Nk =
n∑

i=2

2i−2

2n−1 − 1
· 2i−3 = 22n−2 − 1

6 · (2n−1 − 1)
�+ n ≥ 8 �
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Nk ≈ 2n−2

3 3

(3) KLMNOP�AH� - H(K) =
n∑

i=2

2i−2

2n−1 − 1
· (i − 2) = (n − 3) · 2n−1 + 2

2n−1 − 1
�+

n ≥ 8 � H(K) ≈ n − 3 �N/6������� H(K) = log2(#(S′
n)) ≈ n − 1 W7� 2 bit 
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$��83IH7���O�������� (ÆQ�AL�TE�R����� n ���[

�����<�X���VS���	`) �������[1�O�� �


5 TU!VWXY

��a\���DE"�������;9��	����! "�!�\AE


(1) !Z"#A[$\%&]J -<P
������5
� n �����?"#�	�

�	���;b<	R�	�
�9��!���>1�"�������!Z
����]

��������G3��9��!GÆ�,�:���5
�� n �?7 n′ �[�5
��

�
����
�5�\Y7�?
V��GÆ]��?�5
���	�K;�! "�


(2) '^[$\_("#A`abc -8*
,�R��F/�.�������GÆ[
��F/=�<���� k(t) = u′

k(t) Y73,F/��=	U
�12<� uk(t) ��<Z+

O�/ Pi(1 ≤ i ≤ n) 5Y7������ i 
8�]c����F/�.�M���?"#�

�	�
*�KL Kerckhoffs [M���"#��	��H�^
���.�#��3V�G

ÆIF7F/ m /2��Æ�^:%dNd^�!F/O������	B�
*����2

R;��Y7 m /2B������[1��>1������8
���� p  ����

V���*��	�K;���	�


(3) efg)hH� -_	�O�;b<_`�_��a\>1P`����
���a
b�;C�)�R����� n �������
�XU;C� ��V� V ′

n 5��`��

M"#�����DD(
 n − 1 ��7 n − 2 
*�� 1		ij�	
-FVVa\>

1aB�ec�f��� (8a\>1
����7
 n/2 ���) ��#�"#?�	�]�

��������
��	��AE�ab�	�����1��


(4) g)kI�A_(*l -;���������
��	 PLCM�����ÆÆ	�

V�!1�cd�>6�
�
�*b�	�K;���	

	��1�22
���4�

4 [5] ������0��
�
�
*���0��
�
�+�Og��Y� 1hEc

���7A)BC
���"#�:�3��5�?"#��5F;��<BC
�����

d1�"eid1�
_e�8
	^�
�
�<@ (8 [5] ����0��
�
�) ��

j*������Æ	�Æ��Ake fm�)*


6 nÆ+o,

(8�4 [1]��:�	
�GÆ8;���������!� �����!�����

"*J�&��!T	�	m�
()������-��
� n = 10�DATF � floorn(·) �

�12�� k = n+1 �l?$/.1"F/.1� m /2�Æ�^:�$� 1+x3 +x10 %

1+x2 +x3 +x8 +x10 �m/2�dNd^0� 1�F/	:�ÆO “Pf ”�F/O� nm = 5


�
 u′
k−1(t)DD;& Sn ��0-NL�.�ÆQ�4 [10]� Theorem 5" 6�KL uk(t)

Y7�O�Z+/H��[fg7&�/�V�+1�
0-�.�DD��W2�����

	��MN
������	MN�NO7���\BC8������=�
I 2 6��W

B uk(t) Y7�O�Z+/<&�/�NO
I 2(a) % (b) ���$<�4 [10] � Fig. 1a "

Fig. 2 (8Q
��E7������;SP�4 [10] � Theorem 5 " 6 �&���
I 2(b)



5

8B�� P5 ��P/"�P/���=���&��%��� P5 01�	��m/�*�5

�BCgn (��DDNL0-�.��5�5�V��gn�:;R hhp/) 
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(b) �'������ P5 Z+/

I 2 WB uk(t) Y7�O�Z+/<&�/�NO

�=���� p = 3/25 ∈ V ′
5 �GÆ ������o�
p′ = 2/24 ∈ V ′

4 < p′′ = 7/26 ∈ V ′
6

`�8N��
TX P4 < P5 �O�Z+/ P[4] % P[5] �TX����<:�=	���

E7�,B	�Z���Bpi��=� P[4] % P[5] �[g�7&�/ 2/25 % 4/25 ��q

7�m/
��Fj
:����� (F P[5] < P[4] �[g�  p/qh�����) �

O(25) 
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Cryptanalysis of a Class of Chaotic Stream Ciphers

Li Shujun, Mou Xuanqin, Ji Zhen*, Zhang Jihong*

(School of Electronics and Information Engineering, Xi’an Jiaotong University, Xi’an 710049,

China)
*( Faculty of Information Engineering, Shenzhen University, Shenzhen 518060, China)

Abstract: This paper points out that a class of chaotic stream ciphers proposed recently is not

secure enough, which is based on digital piecewise linear chaotic maps (PLCM). It has been known

that digital PLCMs’ statistical properties have essential degradation when PLCMs are realized

in finite computing precision, and that such degradation is determined by the resolution of the

control parameter (i.e., determined by which digital subset the control parameter is in). Hence,

for the proposed chaotic stream ciphers, the whole key space can be divided into n− 1 sub-spaces

with incremental weakness degree, and the weakness of any fixed key cannot be improved by using

higher precision. Based on the above fact, a kind of multi-resolution cryptoanalysis is presented

to attack the chaotic ciphers. When secure key is selected randomly, the key entropy will decrease

by 2 bits as a whole. Experiments show that this cryptanalysis is feasible and efficient.

Key Words: chaotic stream cipher, PLCM, cryptanalysis, weak key, multi-resolution
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